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Abstract
The Bellamy’s construction of a fixed-point-free map on a tree-like continuum is modified in such
a way that no indecomposable subcontinuum is mapped into itself. Ó 1999 Elsevier Science B.V. All
rights reserved.
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1. Introduction
This paper is motivated by the old open question whether every nonseparating plane
continuum has the fixed point property. The question itself was posed in 1935 [20,
Problem 107], but the problem is deeply rooted in the earlier work by Scherrer (1926 [29]),
Ayres (1930 [1]), Nöbeling (1932 [25]) and Borsuk (1932 [5]). Since the 1930s many more
partial solutions have been presented. In particular, Bell (1967) [2], Sieklucki (1968) [31]
and Iliadis (1970) [15] proved that if f is a mapping of the nonseparating plane continuum
X into itself, then there is an indecomposable subcontinuumW ofX such that f (W)⊂W .
(A continuum is indecomposable if it is not the union of its two proper subcontinua.)
Hagopian [11] proved that each nonseparating arc-wise connected plane continuum does
not contain an indecomposable continuum in its boundary, and therefore has the fixed point
property.
On the other hand, there are many examples of fixed-point-free maps on acyclic (not
planar) continua. The first such example (of a three-dimensional continuum) was given
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in 1935 by Borsuk [7]. It was followed by two-dimensional examples constructed by
Kinoshita (contractible [16]), Knill [17] and Bing [5]. Finally, in 1978, Bellamy [3]
presented his spectacular example of a tree-like continuum without the fixed point
property. (A continuum is tree-like if it is the inverse limit of a sequence of trees.) The
Bellamy’s construction greatly raised expectations for a counter-example in the plane,
especially in view of apparent similarities between tree-like and not separating, plane
continua. For instance, the Hagopian’s result for planar arc-wise connected continua
corresponds closely to a theorem by Borsuk who proved the fixed point property for
arc-wise connected tree-like continua [8]. This similarity was even further extended by
a recent result of Hagopian [14] proving that any map of a tree-like continuum mapping
each arc-component into itself has a fixed point. The corresponding theorem for plane
nonseparating continua was proved earlier by the same author [12,13]. The result of Bell,
Sieklucki and Iliadis also is matched, at least partially, by a similar result for tree-like
continua. In 1976, Man´ka [19] proved that every tree-like continuum without the fixed
point property must contain an indecomposable continuum. The Bellamy continuum and
other tree-like continua without the fixed point property constructed subsequently (see [10,
22,23,26–28]) are indecomposable. The continuum constructed in [24] is decomposable,
but the fixed-point-free map has an attracting indecomposable subcontinuum. In 1983,
Bellamy [18, Problem 25] asked whether every self-map of a tree-like continuum must
map an indecomposable continuum into itself. In this paper we modify the Bellamy’s
construction to answer his question by a counter-example. In the author’s opinion, this
modification indicates that, as far the fixed point property is concerned, there might be a
very deep difference between tree-like and not separating, plane continua. This indication
is further reinforced by a recent example of a weakly chainable tree-like continuum
without the fixed point property obtained by another modification of the Bellamy’s
construction [24]. The author proved earlier that every nonseparating weakly chainable
plane continuum has the fixed point property [21].
The modification of the Bellamy’s example presented in this paper is very simple. To
construct the Bellamy continuum, which is denoted here by Bj , start with Sn a copy of the
“n-fold horseshoe” contained in the xy-plane (see Fig. 1). Sn consist of a bundle of straight
linear segments connected at two Cantor sets denoted in the figure by white and black small
circles. Let e denote the endpoint of Sn, let J be the segment containing e and let d denote
the other endpoint of J . Let P denote the plane that contains J and is perpendicular to
the xy-plane. Remove the arc J from Sn and replace it by a cone T over a certain zero-
dimensional set in such a way that T is contained in P and the vertex of T replaces d .
Simultaneously, reshape the remainder of Sn by keeping the white circles fixed on the xy-
plane and raising each black circle to the level of a certain endpoint of T . The resulting
indecomposable continuum Bj admits a map fj with no fixed points. Let U denote the set
consisting of the raised black circles and the endpoints of T . To get our example Yj , we
take Bj with an arc (dotted lines in the figure) attached to each point of U . To get a map
of Yj with no indecomposable continuum invariant we retract it to Bj , apply fj and then
slide a neighborhood of U onto the attached arcs. The details of the construction are given
in the next section where we prove the following theorem.
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Fig. 1.
Theorem 1. For each positive integer j there is a decomposable tree-like continuum
Yj and a map ϕj :Yj → Yj such that for each k = 1, . . . , j and each indecomposable
(degenerate or nondegenerate) subcontinuum W of Yj the set (ϕj )k(W) is not contained
in W .
Even though the first j iterations of ϕ do not have invariant indecomposable continua,
the further iterations have fixed points. (A single point is trivially an indecomposable
continuum.) The author constructed a map on a tree-like continuum with no periodic points
(see [23]). It seems that a similar construction could be made with no indecomposable
subcontinuum invariant under any iteration.
2. Construction of Yj
In this paper we will keep the notation from [22]. We will recall most of the definitions
as they are needed.
Let I denote the interval [0,1]. Recall that v :R→ I folds uniformly the real line onto
I such that v(i)= 0 for each even integer i and v(i)= 1 for each odd i . For each positive
integer k, gk is the map of the interval I stretching it k times and then folding uniformly
back onto itself such that gk(s) = v(ks) for each s ∈ I . Recall also that j is a positive
integer and n= 2(41−1)(42−1) · · · (4j−1). Sn is the inverse limit of the inverse system of
of copies of I with the bonding map equal to gn. Sn = {(x0, x1, . . .)} is naturally contained
in the Hilbert cubeQ= I∞. Let p0 denote the projection of Sn onto the first element of the
inverse system. Recall that e = (0,0, . . .), E = p0−1(0) and D = p0−1(1). By [22, 2.3],
each point x ∈ Sn \ (E ∪D) belongs to a unique, straight linear segment J (x)⊂ Sn with
the endpoints ex ∈E and dx ∈D. Recall that J denotes the only segment of the form J (x)
containing e and d denotes the other endpoint of J .
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Let c :E \ {e}→ I denote the function defined in [22, p. 103]. As in [22], cˆ :Sn \ J → I
will be the map which is linear on the segment J (x) with cˆ(ex)= c(ex) and cˆ(dx)= 0 for
each x ∈ Sn \ (J ∪E ∪D).
Let
σ : (Sn \ J )∪ {d}→Q× I
be the map defined by σ(x)= (x, cˆ(x)) for x ∈ (Sn \ J ) ∪ {d}. Let Zj be the set defined
in [22, p. 103]. The set Zj is homeomorphic to the Cantor set and is contained in {e} × I .
Let T be the union of the straight linear segments in Q× I joining the point (d,0) with
points of Zj . The Bellamy’s continuum Bj is the union of T and σ(Sn \ J ).
Let pi be the projection of Q × I onto the first component of Q = I∞ and let pi
denote the restriction of pi to Bj . Observe that p0(x) = pi(σ(x)) for each x ∈ Sn \ J .
Let U = pi−1(0) and V = pi−1(1). Observe that U =Zj ∪ σ(E \ {e}) and V = σ(D).
Observe that pi restricted to each component of Bj \ (U ∪V ) is a homeomorphism onto
the open interval (0,1). For each point y ∈ Bj \ (U ∪ V ) let L(y) denote the closure of
the component of y in Bj \ (U ∪ V ). If t ∈ I let `(t, y) be the only point of L(y) such
that pi(`(t, y)) = t . Clearly, `(0, y) ∈ U and `(1, y) ∈ V . Notice also that the following
proposition is true.
Proposition 1. `(0.5,∗) × pi restricted to Bj \ (U ∪ V ) is a homeomorphism onto the
product of pi−1(0.5) and the open interval (0,1).
Let β denote the projection of Bj ×I ontoBj . Let Yj = Bj ×{0}∪U×I and let β be the
restriction of β to Yj . Observe that β−1(y)= {(y,0)} for y ∈Bj \U and β−1(y)= {y}× I
for y ∈U . Since Bj is tree-like, the next proposition follows from [9, Theorem 1] and [30,
Theorem 11] (compare [22, Proposition 2.11]).
Proposition 2. Yj is a tree-like continuum.
Since Bj is indecomposable and each its proper subcontinuum is arc-wise connected we
have the following proposition.
Proposition 3. Bj × {0} is the only nondegenerate indecomposable subcontinuum of Yj .
For any ε ∈ (0,1) and any t ∈ I let µε(t)= (t − ε)/(1− ε) we will define sε :Bj → Yj
in the following way:
sε(y)=

(y,0), for y ∈ V ,
(`(µε(pi(y)), y),0), for y ∈ pi−1((ε,1)),
(`(0, y),1− pi(y)/ε), for y ∈ pi−1((0, ε]),
(y,1), for y ∈ U .
It follows from Proposition 1 that sε is continuous.
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Let fj be the map of Bj into itself defined in [22, p. 104]. Recall that fj does not have
periodic points with periods less or equal to j (fixed points are included in the statement
as periodic points with period 1). Let ϕj :Yj → Yj denote the map sε ◦ fj ◦ β .
Proposition 4. There is a number ε ∈ (0,1) such that ϕj does not have periodic points
with periods less or equal to j .
Proof. Since fj does not have periodic points with periods less or equal to j , there is a
positive number δ such that, for each k = 1, . . . , j , the map (fj )k moves each point of Bj
at least by δ. Observe that β ◦ sε approaches the identity on Bj as ε approaches 0. Take ε
so small that, for each k = 1, . . . , j , the distance between (β ◦ sε ◦ fj )k and (fj )k is less
than δ. It follows that (β ◦ sε ◦fj )k does not have periodic points with periods less or equal
to j .
Suppose there is an integer k = 1, . . . , j and there is a point y ∈ Yj such that (ϕj )k(y)=
y . Then β ◦ (ϕj )k(y)= β(y). Since β ◦ (ϕj )k = (β ◦ sε ◦ fj)k ◦ β , the point β(y) is a fixed
point of (β ◦ sε ◦fj )k , which contradict our choice of ε. Hence, the proposition is true. 2
Proof of Theorem 1. Take such ε ∈ (0,1) that the conclusion of Proposition 4 is satisfied.
In view of Propositions 2–4, it is enough to prove that
(ϕj )
k
(
Bj × {0}
)= Yj (∗)
for any positive integer k. We will do this by induction. Observe first that β ◦ (ϕj )k−1(Bj ×
{0}) = Bj . The last statement is obvious in the case of k = 1 and follows by induction
for k > 1. Since fj is surjective, fj ◦ β ◦ (ϕj )k−1(Bj × {0}) = Bj . Since sε(Bj ) = Yj
and (ϕj )k = sε ◦ fj ◦ β ◦ (ϕj )k−1, (∗) follows by induction. Consequently, the theorem is
true. 2
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